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Graph Automorphism Perception Algorithms in Computer-Enhanced Structure Elucidation • 

Marko Razinger, 1 K. Balasuhramaniao,* and Morton E. Munk* . 
Department of Chemistry, Arizona State University, Tcropc, Arizona 852874604 

Received March 2, 1992 

The concept ofg^symme^yis^lained in terms of the vertex automorphism group, which is a subgroup 
of the completerortcxpcnnuta&OD group. The automorphism group can be deduced from the automorphism 
partition of graph vertices. An algorithm is described which constructs the automorphism group of a graph 
from the automorphism vertex partitioning- The algorithm is useful especially for graphs which contain more 
than one vertex-partition set Several well-known topological symmetry perception algorithms that yield 
automorphism partitions are The comparison is favorable to the Shelley-Munk algorithm, developed 

in the framework of the SESAMI system for computer-enhanced structure elucidation. 



f rKntoDUcnoN 

\ Most computer programs that require the manipulation < 
chemical structures among their operations (e.g_, computi 
L structure elucidation, spectrum interpretation i 
nidation, and synthetic design) must eventually be a We t 
sand proce ss stereoche 
ho be trul y useful.' f There are different approaches to the 
-treatment of stereochemistry 2 and related problems, but all 
of them share in common the need to consider thc-s ymme try 
of the mol ecular structure under_cj^derarigL 

^ etry properties oTmblecular structures are very 
important because they are reflected in a variety of molecular 
properties, interactions, and other struct ure-related pbcnonv 
~ necTiu tctp rC tali on oi ' some expenmentaiiy 1 
1 information, eg., X-ray diffraction patterns or IR 
spectra, the determination of m olecular stereo geometrv is 
necessary; this implies the useWjgroup theory formalism in 
the determination of appropriateSpa ^orT^omt grou ps and 
their elements. In some other areas, like computer-enhanced 
structure elucidation 4 or the enumeration of l3 C-NMR 
signals, 5 partial solutions are possible using topological 
symmetry (connectivity) instead of three-dimensional geom- 
etry. For such cases, a different concept of symmetry , based 
on graph theory, can be used to advantage. 6 . 

The elective of this article is to describe the connection 
between the automorphism partitioning of the, vertices of 
graphs and the automorphism groups of graphs. An ai^thm , 
to coas ted the automorp his m group from the automorphisn i 

obtain the automorphlsmTay tit io iuiig of g ra phs, including 
graphs containing isospectrai points, are compared with the 
SheUcy-Munk algorithm. 7 * 1 A critical comparison shows, 
contrary to the perception in the literature, 9 * 10 that the 
algorithm is rigorous and efficient and distinguishes isospectrai 
points without difficulty. 



SYMMETRY OF GRAPHS 

The properties of a graph do 'not depend on its pictorial 
representation, but only on its connectivity. Thus, a graph, 
which can be drawn in several different ways, may appear to 
possess different symmetry elements in the normal sense of 
point group symmetry; however, the topological symmetry of 
each representation is identical based on connectivity. This 

' Preset* address: Institute of Chemistry. 611 15 Ljubljana, Hajdrihova 
19,Ste*ma. 

* Cumtte add Hatty Dreyfus Teacher-Scholar. 



aspect makes the consideration of graph symmetry quite 
different from the conventional molecular point group and 
space group approaches. (This is discussed with examples in 
ref 11.) 

In terms of graph theory, the structural symmetry relates 
to the vertex automorphism group: this group is a subgroup 
of the complete vertex permutation group of the graph 
representing the chemical structure. 12 - 13 Mathematically, 
these relations can be expressed simply and succinctly by using 
matrix algebra. The two matrices used in the following 
relations are the adjacency matrix A and the permutation 
matrix P defined as 



if vertices i and are neighbors 
0 otherwise 



{t if a mopping of vertices ■ - — • j is induced by the given 
permutation of vertices 
0 otherwise 



There are n! possible labelings of a graph with n vertices. 
Each of them can be represented by a vector P, and the 
transformation between two different labelings is given by 
the permutation matrix P. 

In Figure 1, three of 120 possible labelings of a graph are 
shown together with the corresponding adjacency matrices A 
and permutation vectors P. Although the graphs G\ and C 2 
represent the same structure, they are not identical because 
of the different labelings of their vertices, i.e., different 
connectivity. Since they represent the same structure, they 
are known as isomorphic graphs. The isomorphism can be 
expressed mathematically with the following relations, holding 
generally for all graphs: 



(1) 



Because the permutation matrix is an orthogonal matrix, 
its inverse is equal to its transpose, and the relation can be 
further simplified: 



(2) 



Such a transformation is called an isomorphism between 
the graphs G\ and G^. Figure 2 shows the matrices and the 
results of matrix multiplication for the expression 2: the 
permutation matrix P\i expresses the mapping P\ — Pj and 
the consecutive multiplication of *4(Gi) with Pu and Pj 2 
results in A{Gi)~ 
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